[Article] Static, free vibration and buckling analysis of isotropic and sandwich functionally graded plates using a quasi-3D higher-order shear deformation theory and a meshless technique 
Introduction
Composite materials have been widely used in aircraft and other engineering applications for many years because of their excellent strength-to-weight and stiffness-to-weight ratios. Functionally graded materials (FGM) are a class of composite materials that were first proposed by Bever and Duwez [1] in 1972. In a typical FGM plate the material properties continuously vary over the thickness direction by mixing two different materials [2] , usually ceramic and metal. The gradual variation of properties avoids the delamination failure that are common in laminated composites. The computational modelling of FGM is an important tool to the understanding of the structures behavior, and has been the target of intense research, from micro to macro mechanics [3] [4] [5] [6] . A review of the main developments in FGM can be found in Birman and Byrd [7] . These materials have attracted much attention and already have applications in many fields [2] or [8] .
When compared to isotropic and laminated plates, the literature on FGM plates is scarce. Because of FGM applications in high temperature environments most of the studies on the behaviour of FGM plates focus on the thermomechanical response of FGM plates: Reddy and Chin [9] , Reddy [10] , Vel and Batra [11, 12] , Cheng and Batra [13] , Javaheri and Eslami [14] . Studies on the mechanical behaviour of FGM plates include the static analysis of FGM plates performed by Kashtalyan [15] , Kashtalyan and Menshykova [16] , Qian et al. [17] , Zenkour [18, 19] , Ramirez et al. [20] , Ferreira et al. [21, 22] , Chi and Chung [23, 24] , and Cheng and Batra [25] . Vibrations problems of FGM plates can be found in Batra and Jin [26] , Ferreira et al. [27] , Vel and Batra [28] , Zenkour [29] , Roque et al. [30] , and Cheng and Batra [31] . Mechanical buckling of FGM plates can be found in Najafizadeh and Eslami [32] , Zenkour [29] , Cheng and Batra [31] , Birman [33] , Javaheri and Eslami [34] .
The classical plate theory (CLPT) yields acceptable results only for thin plates. The accuracy of the results from the first-order shear deformation theory (FSDT) depends on the shear correction factor which is hard to find as it depends on many parameters. Besides, higher-order shear deformation theories (HSDT) provide better accuracy for transverse shear stresses and there is no need of a shear correction factor. Therefore, we are now proposing a higherorder shear deformation theory based on the following displcament field:
A higher-order plate theory popular in the literature is the one from Kant [35] , used by Pandya and Kant for laminated plates [36, 37] , with 6 unknowns. Comparing Kant's theory with present theory, both accounts for warping of the cross section but Kant's theory does not account for the displacements along the coordinate lines of a point on the reference plane (u 0 and v 0 ) or the rotation w 1 . Other popular HSDT are used for laminated plates in [38] [39] [40] , with 9 to 12 unknowns depending on the number of terms in the transverse displacement expansion, considering or not warping in the thickness direction. The higher-order presented in this paper includes less unknows in the u and v expansion. Another popular HSDT plate theory in the literature is the one from Reddy [10] , with 5 unknowns, already used for FGM plates, but that does not account for warping in the thickness direction unlike present higher-order theory. Although Reddy's theory has 4 unknows less than present theory, the present theory is much easier to implement as it is possible to use the Unified Formulation proposed by Carrera.
Carrera's Unified Formulation (CUF) was proposed in [41] [42] [43] for laminated plates and shells and extended to FGM plates in [44] [45] [46] . The present formulation can be seen as a generalization of the original CUF, by introducing different displacement fields for in-plane and out-of-plane displacements. It is possible to implement any C 0 z theory under CUF, using layer-wise as well as equivalent single-layer descriptions, and the Principle of Virtual Displacements, as is the case in present formulation, or the Reissner mixed variational theorem. CUF allows a systematic assessment of a large number of plate models and the effect of thickness stretching in FGM plates was recently investigated by Carrera et al. [47] using CUF and finite element approximations.
The use of alternative methods to the Finite Element Methods for the analysis of plates, such as the meshless methods based on collocation with radial basis functions is atractive due to the absence of a mesh and the ease of collocation methods. In recent years, radial basis functions (RBFs) showed excellent accuracy in the interpolation of data and functions. The authors have applied the RBF collocation to the static deformations and free vibrations of composite beams and plates [48] [49] [50] [51] [52] [53] [54] [55] . The combination of CUF and meshless methods has been performed in [56] [57] [58] [59] for laminated plates and in [60, 61] for FGM plates. Furthermore, the CUF method is here applied for the first time to the buckling analysis of FGM plates, owing to collocation with radial basis functions. This paper presents explicit governing equations and boundary conditions of the HSDT and focus on the thickness stretching issue on the static, free vibration, and buckling analysis of FGM plates by a meshless technique. The CUF method is employed to obtain the algebraic governing equations and boundary conditions which are then interpolated by radial basis functions to obtain an algebraic system of equations.
Problem formulation
Consider a rectangular plate of plan-form dimensions a and b and uniform thickness h. The co-ordinate system is taken such that the x-y plane (z = 0) coincides with the midplane of the plate
The plate may be subjected to a transverse mechanical load applied at the top of the plate.
The plate may be subjected to compressive in-plane forces acting on the midplane of the plate and distributed shear force (see fig. 1 ).N xx andN yy denote the in-plane loads perpendicular to the edges x = 0 and y = 0 respectively, andN xy denote the distributed shear force parallel to the edges x = 0 and y = 0 respectively. We are interested in study three different types of functionally graded plates: (A) isotropic FGM plates; (B) sandwich plates with FGM core; (C) sandwich plates with FGM skins.
Plate A: isotropic FGM plate
The plate of type A is graded from metal (bottom) to ceramic (top) (see figure  2) . The volume fraction of the ceramic phase is defined as in [19] :
where z ∈ [−h/2, h/2], h is the thickness of the plate, and p is a scalar parameter that allows the user to define gradation of material properties across the thickness direction. The volume fraction for the metal phase is given as 
Plate B: sandwich plate with FGM core
In this type of sandwich plates the bottom skin is isotropic fully metal and the top skin is isotropic fully ceramic. The core is graded from metal to ceramic so that there are no interfaces between core and skins. Figure 3 illustrates the plate B type.
The volume fraction of the ceramic phase in the core is obtained by adapting the polynomial material law in [19] :
where z c ∈ [h 1 , h 2 ], h c = h 2 − h 1 is the thickness of the core, and p is the power-law exponent that defines the gradation of material properties across the thickness direction. The volume fraction for the metal phase in the core is given as 
Plate C: sandwich plate with FGM skins
In the plates of type C the sandwich core is isotropic fully ceramic and skins are composed of a functionally graded material across the thickness direction. The bottom skin varies from a metal-rich surface (z = −h/2) to a ceramicrich surface while the top skin face varies from a ceramic-rich surface to a metal-rich surface (z = h/2) as illustrated in figure 4 . There are no interfaces between core and skins. The volume fraction of the ceramic phase is obtained as:
where z ∈ [−h/2, h/2], and p is a scalar parameter that allows the user to define gradation of material properties across the thickness direction of the skins. The volume fraction for the metal phase is given as
The sandwich plate C may be symmetric or non-symmetric about the midplane as we may vary the thickness of each face. Figure 5 shows a nonsymmetric sandwich with volume fraction defined by the power-law (4) for various exponents p, in which top skin thickness is the same as the core thickness and the bottom skin thickness is twice the core thickness. Such thickness relation is denoted as 2-1-1. A bottom-core-top notation is being used. 1-1-1 means that skins and core have the same thickness. 3 A quasi-3D higher-order plate theory
Displacement field
The present theory is based on the following displacement field:
w(x, y, z, t) = w 0 (x, y, t) + zw 1 (x, y, t) + z 2 w 2 (x, y, t)
where u, v, and w are the displacements in the x−, y−, and z− directions, respectively. u 0 , u 1 , u 3 , v 0 , v 1 , v 3 , w 0 , w 1 , and w 2 are functions to be determined. 
Strains
The strain-displacement relationships are given as: 
By substitution of the displacement field in (8), the strains are obtained:
being the strain components obtained as
αβ contains the non-linear terms that will originate the linearized buckling equation.
Elastic stress-strain relations
In the case of functionally graded materials, the 3D constitutive equations can be written as: 
The computation of the elastic constants C ij depends on which assumption of ǫ zz we consider. If ǫ zz = 0, then C ij are the plane-stress reduced elastic constants:
where E is the modulus of elasticity, ν is the Poisson's ratio, and G is the shear modulus G =
It is interesting to note that the present theory does not consider the use of shear-correction factors, as would be the case of the first-order shear deformation theory (FSDT).
If ǫ zz = 0 (thickness stretching), then C ij are the three-dimensional elastic constants, given by
Governing equations and boundary conditions
The governing equations of present theory are derived from the dynamic version of the Principle of Virtual Displacements. The internal virtual work is
yy + R yy δǫ
xy + R xy δγ
zz dx dy (19) where Ω 0 is the integration domain in plane (x, y) and
The external virtual work due to external loads applied to the plate is given as:
The external virtual work due to in-plane forces and shear forces applied to the plate is given as:
(24) beingN xx andN yy the in-plane loads perpendicular to the edges x = 0 and y = 0 respectively, andN xy andN yx the distributed shear forces parallel to the edges x = 0 and y = 0 respectively.
The virtual kinetic energy is given as:
where the dots denote the derivative with respect to time t and the inertia terms are defined as
Substituting δU , δV , and δK in the virtual work statement, integrating through the thickness, integrating by parts with respect to x and y, and collecting the coefficients of δu 0 , δu 1 , δu 3 , δv 0 , δv 1 , δv 3 , δw 0 , δw 1 , δw 2 , the following governing equations are obtained:
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The mechanical boundary conditions are:
where (n x , n y ) denotes the unit normal-to-boundary vector.
Governing equations and boundary conditions in the framework of Unified Formulation
The Unified Formulation proposed by Carrera [62, 42] (further denoted as CUF) has been applied, using the Principle of Virtual Displacements, to obtain the equations of the present theory (see equation (28)). The stiffness matrix components, the external force terms or the inertia terms can be obtained directly with this unified formulation, irrespective of the shear deformation theory being considered.
The three displacement components u x , u y and u z (given in (5) to (7)) and their relative variations can be modelled as:
In the present formulation the thickness functions are
for inplane displacements u, v and
for transverse displacement w.
The CUF formulation considers virtual (mathematical) layers of constant thickness, each containing a homogeneized modulus of elasticity, E k , and a homogeneized Poisson's ratio, ν k . The functionally graded plate is divided 13 into a number (N L) of uniform thickness layers and for each layer the volume fraction of the ceramic phase is defined according to (2), (3) or (4). The volume fraction for the metal phase is given as V m = 1 − V c .
For each virtual layer, the elastic properties E k and ν k can be computed in two ways. First, we may consider the law-of-mistures:
Second, we may consider the Mori-Tanaka homogenization procedure [63, 64] .
In this homogenization method, we find the bulk modulus, K, and the effective shear modulus, G, of the composite equivalent layer as
where
The effective values of Young's modulus, E k , and Poisson's ratio, ν k , are found from
After using the law-of-mixtures or the Mori-Tanaka homogenization procedure, the computation of the elastic constants C k ij is performed for each layer based on ν k and E k . For example,
The procedure for the other C k ij is analogous.
Under CUF formulation the PVD is expressed considering a sumatoria over the layers:
Here, k indicates the layer and Ω k and A k are the integration domains in plane (x,y) and z direction, respectively, and ρ k is the mass density of the k-th layer. Subscript p indicates in-plane components (xx, yy, xy) and subscript n the transverse components (xz, yz, and zz). p = {p x , p y , p z } is the external load applied to the structure. T denotes the transpose of a vector, δ denotes the variational symbol, and double dots acceleration. Equation (38) considers the 9 variationals δu 0 , δv 0 , δw 0 , δu 1 , δv 1 , δw 1 , δu Z , δv Z , and δw 2 disregarding the the in-plane loads and the shear forces. These external forces just imply addicional terms on the variational δw 0 :
where Ω 0 is the integration domain in plane (x, y) and α and β take the symbols x, y.
Considering that the mechanical external load is only transverse p = {0, 0, p z } applied at the top (coordinate z = h/2) and assuming thatN xy =N yx , equations in (28) become:
k xz dz and analogous procedure for other resultants.
In (40) , for static problems, the ρ k and theN αβ terms are set to zero; for the free vibration problems, theN αβ and the p z terms are set to zero; and for buckling problems the p z and the ρ k terms are set to zero.
Governing equations and boundary conditions in terms of displacements
In order to discretize the governing equations by radial basis functions, we present in the following the explicit terms of the governing equations and the boundary conditions in terms of the generalized displacements. 
Being N L the number of mathematical layers across the thickness direction, the stiffness components can be computed as follows.
The inertia terms are defined by
is the material density, h k is the thickness, and z k , z k+1 are the lower and upper z coordinate for each layer k.
Natural boundary conditions
This meshless method based on collocation with radial basis functions needs the imposition of essential (e.g. w = 0) and mechanical (e.g. M xx = 0) bound-ary conditions. Assuming a rectangular plate (for the sake of simplicity) equations (29) are expressed as follows.
Given the number of degrees of freedom, at each boundary point at edges x = min or x = max we impose: 
Similarly, given the number of degrees of freedom, at each boundary point at edges y = min or y = max we impose: 
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The governing equations are interpolated by radial basis function method. This meshless method was first used by Hardy [65] in the early 1970's for the interpolation of geographical data. Kansa [66] introduced in 1990 the concept of solving partial differential equations (PDE) by an unsymmetric RBF collocation method based upon the multiquadric interpolation functions. For the sake of completeness we present in the following the basics of collocation with radial basis functions for static, vibrations, and buckling problems.
The static problem
In this section the formulation of a global unsymmetrical collocation RBFbased method to compute elliptic operators is presented. Consider a linear elliptic partial differential operator L and a bounded region Ω in R n with some boundary ∂Ω. In the static problems we seek the computation of displacements (u) from the global system of equations
where L, L B are linear operators in the domain and on the boundary, respectively. The right-hand sides in (73) represent the external forces applied on the plate and the boundary conditions applied along the perimeter of the plate, respectively. The PDE problem defined in (73) will be replaced by a finite problem, defined by an algebraic system of equations, after the radial basis expansions.
The eigenproblem
The eigenproblem looks for eigenvalues (λ) and eigenvectors (u) that satisfy
As in the static problem, the eigenproblem defined in (74) is replaced by a finite-dimensional eigenvalue problem, based on RBF approximations.
Radial basis functions approximations
The radial basis function (φ) approximation of a function (u) is given by
where y i , i = 1, .., N is a finite set of distinct points (centers) in R n . Examples of the many RBFs that can be used are
where the Euclidean distance r is real and non-negative and c is a positive user defined shape parameter.
Considering N distinct interpolations, and knowing u(x j ), j = 1, 2, ..., N , we find α i by the solution of a N × N linear system
Solution of the static problem
The solution of a static problem by radial basis functions considers N I nodes in the domain and N B nodes on the boundary, with a total number of nodes N = N I + N B . We denote the sampling points by x i ∈ Ω, i = 1, ..., N I and x i ∈ ∂Ω, i = N I + 1, ..., N . At the points in the domain we solve the following system of equations
or
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At the points on the boundary, we impose boundary conditions as
Therefore, we can write a finite-dimensional static problem as
By inverting the system (85), we obtain the vector α. We then obtain the solution u using the interpolation equation (75).
Solution of the eigenproblem
We consider N I nodes in the interior of the domain and N B nodes on the boundary, with N = N I + N B . We denote interpolation points by x i ∈ Ω, i = 1, ..., N I and x i ∈ ∂Ω, i = N I + 1, ..., N . At the points in the domain, we define the eigenproblem as
At the points on the boundary, we enforce the boundary conditions as
Equations (87) and (90) can now be solved as a generalized eigenvalue problem
Discretization of the governing equations and boundary conditions
The radial basis collocation method follows a simple implementation procedure. Taking equation (85), we compute
This α vector is then used to obtain solutionũ, by using (75). If derivatives ofũ are needed, such derivatives are computed as
In the present collocation approach, we need to impose essential and natural boundary conditions. Consider, for example, the condition w 0 = 0, on a simply supported or clamped edge. We enforce the conditions by interpolating as
Other boundary conditions are interpolated in a similar way.
Free vibrations problems
For free vibration problems we set the external force to zero, and assume harmonic solution in terms of displacements u 0 , u 1 , u 3 , v 0 , v 1 , v 3 , w 0 , w 1 , w 2 as
where ω is the frequency of natural vibration. Substituting the harmonic expansion into equations (91) in terms of the amplitudes
we may obtain the natural frequencies and vibration modes for the plate problem, by solving the eigenproblem
where L collects all stiffness terms and G collects all terms related to the inertial terms. In (96) X are the modes of vibration associated with the natural frequencies defined as ω.
Buckling problems
The eigenproblem associated to the governing equations is defined as
where L collects all stiffness terms and G collects all terms related to the inplane forces. In (97) X are the buckling modes associated with the buckling loads defined as λ.
Numerical examples
In the next examples the higher-order plate theory presented before and collocation with RBFs are used for the analysis of simply supported functionally graded square plates. For the ǫ zz = 0 case, we consider w = w 0 instead of (7).
All examples use the Wendland RBF function [67] defined as
The shape parameter (c) is obtained by an optimization procedure as detailed in Ferreira and Fasshauer [68] . The interpolation points are Chebyshev Table 2 σ xx convergence study for the bending analysis of plate A using higher-order plate theory, p = 1, and a/h = 10.
Plates on bending
The plate is subjected to a bi-sinusoidal transverse mechanical load of amplitude load p z =p z sin πx a sin πy a applied at the top of the plate withp z = 1. It is important to note that the load is applied at the top surface (z = h/2), which is not only physically correct as it makes all the difference in terms of the displacement and stresses evolution. The right-hand side of the governing equations given in section 4.1 and the terms including the in-plane forces are zero.
Isotropic FGM square plate
In this example, an isotropic FGM square plate of type A is considered. The plate is graded from aluminum E m = 70 GPa at the bottom to alumina E c = 380 GPa at the top. The law-of-mixtures was used for the Young's modulus.
The in-plane displacements, the transverse displacements, the normal stresses and the in-plane and transverse shear stresses are presented in normalized form asū
An initial convergence study was performed for σ xx h 3
and transverse displacement w(0) at the center of the plate, considering p = 1, a/h = 10, and Chebyshev grids of 13 In table 3 we present results for σ xx and transverse displacement for various 27 exponents p of the power-law (2) considering a 17 2 points grid. The considered side-to-thickness ratios a/h are 4, 10 and 100, which means thickness h equals 0.25, 0.1 and 0.01, respectively. Results are compared with the Classical Plate Theory (CLPT), the first-order shear deformation theory (FSDT) with a correction factor k = 5/6, and those from Zenkour's generalized shear deformation theory [19] , considering ǫ zz = 0, and those from Carrera et al. [46, 47] , and Neves et al. [61] , accounting for ǫ zz .
The results from present higher-order plate theory considering ǫ zz = 0 are in good agreement with those from references [46, 47] and [61] who also considers ǫ zz = 0. The present theory allows to conclude that the values of σ xx and transverse displacement considering ǫ zz = 0 are higher than those considering ǫ zz = 0. These differences decrease as the thickness of the plate decreases which is not surprising as thicker plates can stretch more in the thickness direction.
In figures 7 and 8 we present the evolution of the displacement and stresses across the thickness direction according to present shear deformation theory for various values of the exponent p, and side to thickness ratio a/h = 4, using a 19 Table 3 FGM isotropic plate type A on bending. Effect of transverse normal strain ǫ zz on σ xx and deflection under present higher-order theory and using 17 2 points. An initial convergence study was performed for σ xz h 6
and transverse displacement w(0) considering p = 4, a/h = 100, and Chebyshev grids of 13 In Table 4 w convergence study for the bending analysis of plate B using higher-order plate theory, p = 4, and a/h = 100. Table 5 σ xz convergence study for the bending analysis of plate B using higher-order plate theory, p = 4, and a/h = 100.
various values of exponent p of the material power-law (p = 1, 4, 10) and various thickness to side ratios (a/h = 4, 10, 100) according to the present higher-order theory considering zero and non-zero ǫ zz strain using 19 2 points. Results are tabulated and compared with available references.
In figures 9 and 10 we present the evolution of the displacement and stresses across the thickness direction according to present shear deformation theory for various values of the exponent p of a plate with side to thickness ratio a/h = 100, using a 19 2 grid.
Free vibration of plates
For the vibration analysis it is assumed that there are no external forces applied in the plate. In this example we study the free vibration of a simply supported isotropic FGM square plate (a = b = 1) of type A. The plate is graded from aluminum (bottom) to zirconia (top). E m = 70 GPa and E c = 200 GPa are the corresponding properties of the metal and zirconia, respectively.
We consider the Mori-Tanaka homogeneization scheme (36) , the same used in the literature we use as a reference: the exact solution by Vel and Batra [69] , and the one obtained with a meshless technique by Qian et al. [70] .
The frequency w has been non-dimensionalized as follows:
In table 7 we present the results obtained with the theories considered and different values of p for a side to thickness ratio a/h = 5. Table 6 Sandwich square plate with FGM core type B on bending. Effect of transverse normal strain ǫ zz on σ xz and w according to present higher-order plate theory, using 19 2 points. Table 7 Fundamental frequency of a SSSS isotropic functionally graded plate (Al/ZrO 2 ) square plate with a/h = 0.2 using a 21 2 grid. Table 8 First 10 frequencies of a SSSS isotropic functionally graded plate (Al/ZrO 2 ) square plate with p = 1 with a/h = 20. Table 9 First 10 frequencies of a SSSS isotropic functionally graded plate (Al/ZrO 2 ) square plate with p = 1 with a/h = 10. 
Buckling loads of plates
In the next examples the higher-order plate theory and collocation with RBFs are used for the buckling analysis of simply supported functionally graded sandwich square plates (a = b) of type C with side-to-thickness ratio a/h = 10. The uni-and bi-axial critical buckling loads are analised. For the buckling analysis we assume that all other mechanical loads are zero and the righthand side of equations in section 4.1 are set to zero as well.
The material properties are E m = 70E 0 (aluminum) for the metal and E c = 380E 0 (alumina) for the ceramic being E 0 = 1GPa. The law-of-mixtures (33) was used for the Young's modulus. The non-dimensional parameter used is
An initial convergence study with the higher-order theory was conducted for each buckling load type considerind grids of 13 The critical buckling loads obtained from the present approach with ǫ zz = 0 and ǫ zz = 0 are tabulated and compared with those from Zenkour [ Table 10 Convergence study for the uni-axial buckling load of a simply supported 2-2-1 sandwich square plate with FGM skins and p = 5 case using the higher-order theory. Table 11 Convergence study for the bi-axial buckling load of a simply supported 1-2-1 sandwich square plate with FGM skins and p = 1 case using the higher-order theory.
in tables 12 and 13 for various power-law exponents p and thickness ratios. Both tables include results obtained from classical plate theory (CLPT), firstorder shear deformation plate theory (FSDPT, K = 5/6 as shear correction factor), Reddy's higher-order shear deformation plate theory (TSDPT) [10] , and Zenkour's sinusoidal shear deformation plate theory (SSDPT) [29] . Table  12 refers to the uni-axial buckling load and table 13 refers to the bi-axial buckling load.
There is a good agreement between the present solution and references considered, specially [10] and [29] . This allow us to conclude that the present higherorder plate theory is good for the modeling of simply supported sandwich FGM plates and that collocation with RBFs is a good formulation. Present results with ǫ zz = 0 approximates better references [10] and [29] than ǫ zz = 0 as the authors use the ǫ zz = 0 approach. This study also lead us to conclude that the thickness stretching effect has influence on the buckling analysis of sandwich FGM plates as ǫ zz = 0 gives higher fundamental buckling loads than ǫ zz = 0.
The isotropic fully ceramic plate (first line on tables 12 and 13) has the higher fundamental buckling loads. As the core thickness to the total thickness of the plate ratio ((h 2 − h 1 )/h) increases the buckling loads increase as well. This can be seen by looking at each line of the tables. Considering each column of both tables we may conclude that the critical buckling loads decrease as the power-law exponent p increases. From the comparison of tables 12 and 13 we deduce that the bi-axial buckling load of any simply supported sandwich square plate with FGM skins is half the uni-axial one for the same plate.
In figure 12 the first four buckling modes of a simply supported 2-1-2 sandwich square plate with FGM skins, p = 0.5, subjected to a uni-axial in-plane compressive load, using the higher-order plate theory and a grid with 17 2 points is presented. Figure 13 presents the first four buckling modes of a simply supported 2-1-1 sandwich square plate with FGM skins, p = 10, subjected to a bi-axial in-plane compressive load. Table 12 Uni-axial buckling load of simply supported plate of type C using the higher-order theory and a grid with 17 2 points. Table 13 Bi-axial buckling load of simply supported plate of type C using the higher-order theory and a grid with 17 2 points. Fig. 12 . First four buckling modes. Uni-axial buckling load of a simply supported 2-1-2 plate type C, p = 0.5, a 17 2 points grid, and using the higher-order theory.
Conclusions
A novel application of a Unified formulation coupled with collocation with radial basis functions is proposed. A thickness-stretching higher-order shear deformation theory was successfuly implemented for the static, free vibration, and linearized buckling analysis of functionally graded plates.
The present formulation was compared with analytical, meshless or finite element methods and proved very accurate in both static, vibration and buckling problems. The effect of ǫ zz = 0 showed significance in thicker plates. Even for a thinner functionally graded plate, the σ zz should always be considered in the formulation.
For the first time, the complete governing equations and boundary conditions of the higher-order plate theory are presented to help readers to implement it successfully with the present or other strong-form techniques. Fig. 13 . First four buckling modes. Bi-axial buckling load of a simply supported 2-1-1 plate type C, p = 10, a 17 2 points grid, and using the higher-order theory.
